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Abst ract - -Two sufficient conditions are obtained for the global asymptotic stability of the fol- 
lowing two rational difference quations 
• nXn--2  ~- a 
:~n-}- I  - -  , n = 0,  1 ,  2 ,  . . . , 
Xn  "~- Xn- -2  
and 
2:n-- lXn--2 -~- a Xu~-I : ~ n : O, 1, 2, . . . ,  
Xn--1 2F Xn--2 
where a E [0, cc) and the initial values x-2,X-l ,XO E (0, co). @ 2004 Elsevier Ltd. All rights 
reserved. 
Keywords - -Rat iona l  sequence, Recursive difference quation, Global asymptotic stability, Semi- 
cycle. 
1. INTRODUCTION 
Rational  sequences (or rational recursive sequences) are also called rational (or recursive) differ- 
ence equations. These types seem very simple and some of their properties can also be observed 
and conjectured by computers'  simulations, however, it is extremely difficult to prove completely 
the properties observed and conjectured by computers'  simulations, for example, see [1,2]. There- 
fore, the qualitative analysis of recursive difference quations has been the object of recent study. 
For example, see [1-12] and the references cited therein. 
In this paper, we  consider the following equations 
XnXn- -2  "~- a 
xn+l - , n = 0, 1, 2 , . . . ,  (El) 
Xn ~- Xn- -2  
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and 
Xn_ lXn_  2 Av a 
x~+l - , n = 0, 1, 2 , . . . ,  (E2) 
Xn--1 Ac Xn--2 
where a E [0, c~) and the initial values x-2, X-l ,  xo 6 (0, c~). 
When a = 0, it is clear from equation (El) that 0 < x~+l < x~, n = 0, 1 , . . . .  So the limit 
lim,~--.oo x~ = l exits and is finite. Taking limit on both sides of xn+l(x~ + x~-2) = xnx~-2, we 
have l = 0. With respect o equation (E2) with a -- 0, one can see that 0 < x~+l < Xn-1, n = 
0, 1 , . . . .  Hence, the limits limn--.oo x2,~ = k and lim,~--.oo x2~+1 = l exit and axe finite. Taking 
limit on both sides of equation (E2), we can obtain l(l + k) = lk and k(l + k) = lk, which gives 
rise to k = 1 = 0. Thus, in the sequel, we shall assume that a > 0. 
The change of variables 
Xn = V~ Yn, 
Yn still denoted by x~, reduces equation (El) and equation (E2), respectively, to the following 
difference quations 
XnXn-  2 -[- 1 
x~+l -- , n = O, 1 ,2 , . . . ,  (1) 
X n -~- :Zn_ 2 
and 
Xn-lXn-2 q- 1 
Xn+l = , n = 0 ,1 ,2 , . . . ,  (2) 
::gn--1 -{- Xn-2  
where the initial values x-2, x - l ,  x0 E (0, co). 
It is easy to see that equation (1) (or (2)) has a unique positive equilibrium 5: = 1. Equations (1) 
and (2) are interesting in their own right. To the best of our knowledge, however, equations (1) 
and (2) have not been investigated so far. Therefore, theoretically, it is meaningful to study their 
qualitative properties. 
Our main aim in the present paper is to investigate the global asymptotic stability for equa- 
tions (1) and (2) above. Our methods are mainly based on the detailed semicycles' analysis. For 
this, refer to [4,10,11]. It is extremely difficult to use the method in known literature, such as 
[2,3,5,6,8,9], to obtain the global asymptotic stability of equation (1) or (2). 
Just as we observe, the structure between equation (1) and equation (2) is also very similar. 
But, we see from the back proof that the rule for the numbers of terms of positive and negative 
semicycles of nontrivial solutions of the two equations to occur is very different. Thus, it is 
necessary to consider these two equations eparately. 
Our main results are the following 
THEOREM 1. Assume that a 6 [0, c~). Then the positive equilibrium of equation (1) is globally 
asymptotically stable. 
THEOREM 2. Assume that a 6 [0, oo). Then the positive equilibrium of equation (2) is globally 
asymptotically stable. 
The following terms will be used mainly in this paper. 
DEFINITION 1. Let 5: be a positive equilibrium point of equation (1) (or (2)). 
:r oo A positive semicycle of a solution { n}n=-2 of equation (1) (or (2)) consists of a "string" of 
terms {x~, xz+l , . . . ,  xm}, all greater than or equal to the equilibrium ~, with 1 _> -2  and m _< oo 
such that 
either l = -2  or l > -2  and xl-1 < 5: 
and 
either m -- oo or rn < cxD and x,~+l < 2. 
A negative semicycle of a solution {x~}~=_ 2 of equation (1) (or (2)) consists of a "string" of 
terms {xnx~+l, . . .  ,xm}, all less than 5:, with l > -2  and m < c~ such that 
e i ther l=-2or l>-2  and x~-i >_ 
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and 
e i therm=ooorm<oo and xm+l___~. 
DEFINITION 2. A solution {xn}~=_ 2 of equation (1) (or (2)) is called trivial if {xn} is eventually 
identical to 1. Otherwise, nontrivial. 
For the other concepts in this paper, see [2,3]. 
2. SEVERAL LEMMAS 
We need the following lemmas to simplify the proofs of our main results. Consider first equa- 
tion (1). 
X oo  LEMMA C1. A positive solution { ~}~=-2 of equation (i) is trivial if and only if 
(x-2 - 1)(x_l - 1)(x0 -- 1) = O. (3 )  
PROOF. Assume that (3) holds. 
following conclusions are true 
(a) if x_2 = 1, then x~ = 1, for n > 1; 
(b) if x-1 = 1, then xn = 1, for n > 2; 
(c) if x0 = 1, then x~ = 1, for n >_ 0. 
Conversely, assume that 
Then, we show 
Then, according to equation (1), it is easy to see that the 
(x-2 - 1)(x-1 - 1)(x0 - 1) # O. 
Xn ~ 1, for any n > 1. 
For the sake of contradiction, assume that for some N > 1 , 
(4) 
X N ~-~ 1 and that x~ ~ 1, for - 2 < n < N - 1. (5) 
Clearly, 
XN_ lXN_  3 -~- 1 
1-~XN z 
XN_  1 .-[- XN_  3 
which implies Xg-1 = 1 or XN-3 = 1. This contradicts (5). 
REMARK C1. If the initial conditions do not satisfy the equality (4), then x~ ¢ 1 for n >_ -2  
and x~ ~ x,~-i for n > -1 .  
X oo  LEMMA C2. Let { n}n=- -2  be a nontrivial positive solution of equation (1). Then, the following 
conclusions are true 
(al) (Xn+ 1 -- 1) (X  n - -  1)(x~-2 - 1) > 0, fo r  n > 0, 
(51) (Xn+l - -  Xn) (X .  -- 1) < 0, for n >_ O. 
PROOF. We see from equation (1) that 
X.+l  1 (x .  - - 1) - = , n =  0 ,1 ,2 , . . . ,  
Xn q- Xn-2  
and 
(1 - xn)(1  + m,,) 
Xn+l - -Xn= , n=O,  1,2, . . . .  
Xn ~- Xn--2 
From this, Inequalities (al) and (bl) follow. The proof is complete. 
Analyze the situation of the semicycles of nontrivial solutions of equation (1). 
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LEMMA C3. Assume that x-2, x-1 e (1, c~). Let {xn} be an arbitrary solution of equation (1). 
Then x,~ > 1, for all n >_ 1 if and only if Xo > 1. 
PROOF. If x0 > 1, then, according to Lemma C2 (al), xn > 1, for all n > -2.  Conversely, if
x~ > 1, for all n > 1, then, still by Lemma C2 (al) with n = 0, one can see x0 > 1. 
From Lemma C3, it is easily seen that, except perhaps for the first semicycle, a positive semi- 
cycle of a solution contains at most two terms. Considering negative semicycles, it is clear again 
by Lemma C2 (al) that, except perhaps for the first semicycle, a negative semicycle contains, at 
most, three terms. More precisely, we have the following result. 
LEMMA C4. Consider a solution of equation (1) which is not eventually greater than or equal 
to 1. Then, with the possible exception of the first semicycle, the following affirmations hold 
(dl) every positive semicycle consists of one or two terms; every negative semicycle consists of 
one or three terms; 
(el) every negative semicycle of length one is followed by a positive semicycle o[ length two; 
every negative semicycle o£ length three is followed by a positive semicycle of length one; 
(fl) every positive semicycle of length one is [ollowed by a negative semicycle of length one; 
every positive semicycle of length two is followed by a negative semicycle of length three. 
PROOF. By Lemma C2 (M) and Lemma C3, one can see that a positive semicycle of a solution 
which is not eventually greater than or equal to 1, has one or two terms and, by Lemma C2 (al), 
a negative semicycle has, at most, three terms. Obviously, for some p _> 0, one of the following 
cases must occur. 
CASE 1. Xp-2 > 1, Xp-1 < 1, AND xp > 1. It follows from Lemma C2 (al) that Xp+l > 1, 
xp+2 < 1, Xp+3 < 1, and Xp+ 4 < 1. Moreover, Xp+5 > 1. Hence, a negative semicycle of length 1 
is followed by a positive semicycle of length 2, which in turn, is followed by a negative semicycle 
of length 3. 
CASE 2. Xp_ 2 > l, Xp_ 1 < 1, AND Xp < l .  One can see, again in view of Lemma C2 (al), that 
Xp+l < 1, xp+2 > 1, xp+3 < 1, xp+4 > 1, xp+5 > 1, . . . .  Therefore, a negative semicycle of 
length 3 is followed by a positive semicycle of length 1, which in turn, is followed by a negative 
semicycle of length 1. The proof is complete. 
REMARK C2. It follows from Lemma C4 that the rule for the numbers of terms of positive and 
negative semicycles of nontrivial solutions of equation (1) to occur is . . . ,  3, 1, 1, 2, 3, 1,1, 2, 3, 1, 1, 
2, . . . .  
Similarly, we can derive the following results for equation (2). 
LEMMA D1. A positive solution {xn}~=_2 of equation (2) is trivial ff and only if 
(xo  - l ) (x -z  - l ) (x -2  - i )  = O. (6) 
REMARK D1. If the initial conditions do not satisfy equality (6), then x~ ¢ 1 for n _> 1 and 
xn ~ xn-2, for n > 1 for any solution {x~} of equation (2). 
X oo LEMMA D2. Let { n}n=--2 be a nontrivial positive solution of equation (2). Then, the following 
conclusions are true: 
(a2) (x,~+l - 1)(xn-1 - 1)(xn-2 - 1) > 0, for n _> 0; 
(52) (x,+t - x~- l ) (x , - i  - 1) < 0, /or  n >_ 0. 
LEMMA D3. Assume that x -2 ,x -1  6 (1, oo). Let {x,~} be a solution of equation (2). Then, 
x,~ > 1, for MI n >_ 1 if and only if xo > 1. 
The proofs of Lemma D1, Lemma D2, and Lemma D3 are completely similar to those of 
Lemma C1, Lemma C2, and Lemma C3 and so omitted here. 
Now, we analyze in detail the situation of the semicycles of nontrivial solutions of equation (2). 
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From Lemma D2, it is easily seen that, except perhaps for the first semicycle, a negative 
semicycle of a solution contains, at most, three terms. Considering positive semicycles, it is 
clear again by Lemma D2 (a2) that, except perhaps for the first semicycle, a positive semicycle 
contains, at most, two terms. More precisely, we have the following result. 
LEMMA D4. Consider a solution of equation (2), which is not eventually greater than or equal 
to 1. Then, with the possible exception of the first semicycte, the following affirmations hold 
(d2) every positive semicycIe consists of one or two terms; every negative semicycle consists of 
one or three terms; 
(e2) every positive semieycle of length one is followed by a negative semicycle of length three; 
every positive semicycle of length two is followed by a negative semicycle of length one; 
(f2) every negative semicyele of length one is followed by a positive semicycle of length one; 
every negative semicycle of length three is followed by a positive semicycle of length two. 
PROOF. By Lemma D2 (a2) and Lemma D3, one can see that a positive semicycle of a solution 
which is not eventually greater than or equal to 1, has one or two terms and, by Lemma D2 (a2), 
a negative semicyele has, at most, three terms. Obviously, for some p _> 0, one of the following 
cases must occur 
CASE 1. Xp_ 2 • 1, Xp_ 1 > 1, AND Xp <: 1. It follows from Lemma D2 (a2) that xp+l < 1, 
xp+2 < 1, Xp+a > 1, and Xp+a > 1. Moreover, Xp+~ < 1. Hence, a positive semicycle of length 1 
is followed by a negative semicycle of length 3, which in turn is followed by a positive semicycle 
of length 2. 
CASE 2. Xp_ 2 <: 1, Xp-1 > 1, AND Xp > 1. We have, again in view of Lemma D2 (a2), that 
Xpq- 1 < 1, Xp..k2 > 1, Xpq- 3 < 1, and Xp+4 < 1. Moreover, Xp+5 < 1. Therefore, a positive 
semicycle of length 2 is followed by a negative semicycle of length 1, which in turn is followed by 
a positive semicycle of length 1. The proof is complete. 
REMARK D2. It is clear from Lemma D4 that the rule for the numbers of terms of positive and 
negative semicycles of nontrivial solutions of equation (2) to occur i s . . . ,  2, 1, 1, 3, 2, 1, 1, 3, 2, 1, 1, 
3 , . . . ,  which, compared with Remark C2, displays that the rule for the numbers of terms of 
positive and negative semicycles of nontrivial solutions of the two equations to occur is very 
different. 
3. PROOFS OF  THEOREMS 
We now begin with the proofs of our two theorems. First, we show Theorem 1. 
PROOF OF THEOREM 1. We must prove that the positive equilibrium point Y~ of equation (1) is 
both locally asymptotically stable and globally attractive. The linearized equation of equation (1) 
about the positive equilibrium • -- 1 is 
Y ,+ I=0 'y ,+0 'Yn- I+0 'y , -2 ,  n=0,1 , . . . .  
By virtue of [1, Remark 1.3.7], i is locally asymptotically stable. It remains to verify that every 
X oo positive solution { ,~}~=-2 of equation (1) converges to 1 as n --+ cx~. Namely, we want to prove 
lira xn = ~---- 1. (7) 
If the solution {x,~}n~___2 of equation (1) is trivial, then (7) obviously holds. 
If the solution is nonoscillatory about the positive equilibrium point 2 of equation (1), then 
according to Lemma C3, we know that the solution is actually an eventually positive one. Fur- 
thermore, we can easily derive from Lemma C2 (bl) that the subsequences {x2~} and {z2,~+1} 
X oo of the solution { n}n------2 of equation (1) are eventually monotonically decreasing and bounded 
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from the below. Therefore, the limits lim,~--,oo x2~ -- L and lim~-+o~ X2n-.bl -~  M exist and are 
finite. Note 
x2,~-1 + x2n-a + 1 X2nX2n-- 2 + 1 
X2n ~ and X2n+l --  , 
X2n--1 "4- X2n--3 X2n "~- X2n--2 
take the limits on both sides of the above equalities and obtain 
LM + I LM + I 
L ----- - -  and  M ---- - -  
M+L L+M'  
which produce L - M = 1. That is to say, {xn} tends to the positive equilibrium point • of 
equation (1), and so (7) holds. Therefore, it suffices to prove that (7) holds for the solution to 
be strictly oscillatory. 
Consider now {xn} to be strictly oscillatory about the positive equilibrium point 2 of equa- 
tion (1). By virtue of Lemma C4, one understands that every negative semicycle of this solution 
has one or three terms and every positive semicycle, except perhaps for the first, has one or two 
terms. Every positive semicycle of length one is followed by a negative semicycle of length one, 
which is followed by a positive semicycle of length two, in turn followed by the negative semicycle 
of length three. 
For the convenience of statement, without loss of generality, we use the following denotation. 
We denote by xp the term of a positive semicycle of length one, followed by xp+1, which is 
the term of a negative semicycle of length one. Afterwards, there is the positive semicycle: 
Xp+2, xp+3, in turn followed by the negative semicycle: Xp+4, xv+~, xv+6, and so on. Using the 
above process, we can obtain by turns the following positive and negative semicycles {Xp+7~}, 
{xp+~.+~}, {~p+~+~, v+7.+3}, {~+7.+4, ~+~.+5, ~p+Tn+6}, ~= 0,1,. . . .  
We have the following observations 
(O1) Xp.{..7n-~4 ~ Xp..{-7n..{- 5 ( Xpq.7n+6 ; Xp.-k7n...k2 ~ Xp..b7nq-3 ; 
(02)  Zp...k7n.-klXp.-k7 n > 1, Xp..b7n...k2Xp.-k7n.-kl < 1, Xp..k7n-k4Zp..i-7n.-k3 > 1, Xp-bTn+6Xp.-b7n.-k7 > 1. 
In fact, the inequality (01) is followed straightforward from Lemma C2 (bl), while (02) is a 
direct consequence of the observations of 
Xp+7n+l 
> 
XpW7n+2 
< 
Xp+Tn+4 
> 
Xp+TnXp+7n_2 -'[- 1 
Xpq..7 n Af- Xp...k7n_2 
Xp+TnXp+7n_ 2 "-[- 1 
Xp.b 7 n "-[- X2p.k 7n Xp..b 7n_ 2 --  - -  
Xp..bTnTlXpq-7n- 1 "[- 1 
Xp..k 7n..k l "-~ Xp.l_ 7n_ 1 
Xp_k7n..blXp,b7n_ 1 ~ 1 
2 Xp+7n+l ~ Xp+7n+lXp+7n-1 
Xp+7n+3Xp+7n+l ~ 1 
Xp+Tn+3 ~ Xp+7n+l 
Xp+7n+3Xp+7n+l ~ 1 
1 
Xp.-k7n 
Xp.-k7n.-kl 
XpT7n&3 ~ X~+7nT3XpT7nT1 Xp&7nT3'  
and 
Combin ing  the  above  observat ions ,  we  der ive  xp+Tn+7 < 
Xp..b7n.b3 ~ Xp_k7n..b2 <~ 1 ~ Xp..k7n, ~ ~ O~ 1, 2, . . . .  Xpq. 7n ~r i
Xp+7n+SXp+7n+4 ~ 1 
Xp+7nT7 
XpT7nT6 ~ Xp+7nT4 
Xp+7n+6Xp+7n+4 ~ 1 1 ~ . 
XpT7n+6 ~ X~+7nT6Xp+7n+4 Xp+7n+6 
1 < - -  
Xp~Tn~6 
1 <: 1 
• p+Tn+5 xp+7~@4 
< 
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X oo From the above, one can see that { p+7~}~=0 is decreasing with lower bound 1. So, the limit 
lim,~--.oo Xp+~ = L exists and is finite. Moreover, one can see 
lim Xpq-Tnq-3 -~" lira Xpq-7nq-2 = L 
and 
1 
lira xp+7~+6 = lim Xp+7,~+5 = lim Xp+Tn+4-~- lim xp+T~+l = ~. 
It suffices to verify that L = 1. To this end, note that by taking the limit as n --* oo of both 
sides of the equality 
Xpq-7nd-2Xp+7n q- 1 
Xpq-Tnq-3 ~ 
Xp..l-7nd- 2 q- Xpd-7n 
we obtain 
LxL+I  
L= 
L+L ' 
which yields L = 1. 
Up to now, we have shown lim~_.~ xp+Tn+k = 1, k = 0, 1, 2 . . . ,  6. So, the proof for Theorem 1 
is complete. 
Next, we show that the positive equilibrium point ~ of equation (2) is globally asymptotically 
stable. 
PROOF OF THEOREM 2. Similar to the previous proof of Theorem 1, we only need to prove that 
lira x~=2=l  (8) 
holds when the solution {x~} of equation (2) is strictly oscillatory. 
It is clear from Remark D2, that the rule for the numbers of terms of positive and negative semi- 
cycles of nontrivial solutions of equation (2) to successively occur is . . . ,  2, 1, 1, 3, 2, 1, 1, 3, 2, 1, 1, 
3, . . . .  
We denote by Xp the term of a positive semicycle of length one, followed by xp+l, Xp+2, xp+3, 
which are the terms of a negative semicycle of length 3. Afterwards, there is a positive semicycle 
of length two: Xp+4, xp+5, in turn followed by the negative semicycle of length 1: Xp+s, and so on. 
So, we can get alternatively the following positive and negative semicycles {Xp+rn}, {Xp+Tn+l, 
Xp+7nq-2, Xpq-7nd-3}, {Xp-{-7n+4, Xp..{-7n.d-5}, {Xpd-7n.-}-6 }, n = 0, 1 , . . . .  
We have the following observations 
(01)  Xpd.7nd- 3 > Xpq.-7nq-1, Xpd-Tnd-7 "~ Xpd-7nd-5; 
(02)  Xp..J,-Tnd-4Xpq..7n+2 < 1, Xp+7nT3Xpq_Tn > 1, Xpq-7n4.5XpW7nq- 3 < 1, Xpq.7nXp..l-7n.-[- 2 < 1. 
Analogous to the proof in Theorem 1, these results can easily be proved by the definition of 
positive and negative semicycle of equation (2) and Lemma D2. 
Combining the above observations, we derive 
1 
Xpq-7nd-7 < Xp.q-7nq-5 < - -  < 3Cp..l-7n, n = O, 1, 2 , . . . ,  (R1) 
Xp+7n+3 
and 
1 
Xpd-7nq-7 <: Xp-i-Tnq.-4 "~ < Xp+7n, n ---- 0, 1, 2 , . . . .  (R2) 
:Tpq-7n+2 
From (R1), one can see that {Xp+Tn}n~=o is decreasing with lower bound 1. So, the limit 
lim,~--+o~ Xp+~ .-= L exists and is finite. Accordingly, by view of (R1) and (R2), we obtain 
lim Xp.}_7n+5 .~- lim Xp+Tnq-4 = L and 
n---+ OQ ~--+oo 
1 
lim Xp+7,~+3 = lim Xp+7~+2 = ~. 
n---~c~ n---*oo 
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Now, we verify that L = 1. To this end, noting 
Xp+7n+5 
XpT7nT3Zp+7n+2 + 1 
Xp+7n+3 ~ Xp+7n+2 
and taking the limits on both sides of the above equality, one can see that 
L_ -~x~+ 1 
1 _.]. 1 
L L 
which yields L = 1. 
Also, by taking limits on both sides of the equality 
Xp+7n+6 
Xp+Tn+4Xp+7n+3 ~ I 
Xp+7n+4 ~ Xp+7n+3 '
one derives 
lx l+ l  
lim Xp.t-7n+6 ----- n-~oo 1+1 
Again,  by tak ing l imits on both sides of the equal i ty 
we get 
XpTTnT8 
XpT7nT6XpWTn%5 ~- 1 
XpT7n+6 "4- Xp-}-7n+5 
i x l+ l  
lim Xp+Tn+8 - -  1 + 1 1. 
n- - - *  oo  
Up to here, we have shown limn--.oo xp+Tn+k = 1, k = 2 , . . . ,  8, which completes the proof  of 
Theorem 2. 
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